
Lecture Notes

The Local Pro-p Grothendieck Conjecture

I

Theorem : Let p be a prime number. Let K be a finite extension of Qp. Let XK →
Spec(K) and X ′

K → Spec(K) be smooth, proper, geometrically connected curves over

K of genus ≥ 2. Let Δ(p)
X (respectively, Δ(p)

X′ ) be the pro-p completion of the geometric
fundamental group of XK (respectively, X ′

K). Then the natural map

IsomK(XK , X ′
K) → Outρ(Δ

(p)
X , Δ(p)

X′ )

defined by “looking at the induced morphism on fundamental groups” is bijective.

IsomK(XK , X ′
K) XK X ′

K K

Out(Δ(p)
X , Δ(p)

X′ ) δ : Δ(p)
X

∼= Δ(p)
X′ Δ(p)

X Δ(p)
X′

δ δ
ρ K Galois

Remarks:

(1.) Grothendieck

K Galois ΓK ΓK

p
ΓK G.C. Grothendieck Conjecture

Ga-
lois

(2.) XK X ′
K proper

version version

(3.) G.C. Grothendieck Conjecture
proper p
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G.C.
p

p proper p

(4.) G.C. Tate
Tate

G.C. p

(5.) G.C. G.C.

Tate Faltings

Tate

II p Hodge

L (K )p p OL

kL K k XK

ΠX ΔX ΔX pro-p Δ(p)
X ΠX

ΔX → Δ(p)
X kernel Π(p)

XK
φ : Spec(L) → XK

αφ : ΓL → Π(p)
XK

φ ΓL → Π(p)
XK

Faltings p Hodge

H1(ΓL/K , L
∧
(1)) ∼= ΩL ⊗K K

∧

ΓL/K = Ker(ΓL → ΓK) “(1)” Tate twist “∼=” Falt-
ings “almost isomorphism” XK JX

Spec(L) → XK ↪→ JX p Hodge
JX K

Gg
m

Gg
m ti i = 1, . . . , g Spec(L) →

JX (
? ∈ H1(ΓL/K , L

∧
(1))

{φ∗ dti

ti
}

)
←−

(
t

1
p∞
i Zp(1) − torsor

dti

ti

)
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π1 π1

p Hodge π1

Cp

φ

H0(XK , ΩXK/K) → ΩL ⊗K K
∧

XK nonhyperelliptic
XK nonhyperelliptic

φ ∈ XK(L)

XK → P
def= P(H0(XK , ΩXK/K))

P φ : Spec(L) →
XK dominant XK P

αφ

XK

(∗)geo ΓL → Π(p)
XK

III

ΓK α : ΓL → Π(p)
XK

α

Π(p)
XL

→ ΓL XL
def= XK ⊗K L section αL : ΓL → Π(p)

XL

Im(αL) ⊆ Π(p)
XL

XL étale Y ∞
L → XL

Y n
L → XL ( n

Galois α
Y ∞

L (L) Y ∞
L (L) 
= ∅

IV.

(∗)rat ∃ p m s.t. Picm
Y n

L
(L) 
= ∅ Picm

Y n
L

(L)
Y n

L m line bundle

(III.) (∗)rat Y ∞
L (L) 
= ∅

n ≥ 0 (∗)rat

Y n
L p very ample line bundle L L

very ample L = OY n
L

(D) D ⊆ Y n
L L étale

D L étale Spec(Li) Li L
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L p Li

L1 L p
L1 L tame

(∗)tm Y n
L (Ltm) 
= ∅

Ltm L tame
yn ∈ Y n

L (Ltm) tame n
p Hodge Qp mod pN

yn P α (Ltm)∧-
λ∞ ∈ P ((Ltm)∧) p P XK

Y n
L

n ≥ 2 Y n
L non-

hyperelliptic n0 ≥ 2
yn n ≥ n0 Y n0

L α (Ltm)∧-
∈ Y n

L ((Ltm)∧) p
yn α y∞ ∈ Y ∞

L ((Ltm)∧)
Gal(Ltm/L) Y ∞

L ((Ltm)∧)
y∞ Y ∞

L (Ltm)∧- y∞ L

(∗)rat =⇒ Y ∞
L (L) 
= ∅ ⇐⇒ α

IV

(∗)rat

L = K Y n
L = XK

Y n
L XK

(∗)rat

(∗)rat ∃ p m such that Picm
X(K) 
= ∅

Chern HX
def= H2(XK ,Zp(1)) “H2” étale

cohomology Leray-Serre HX

F ∗(−) filtration JX
def= H1(XK ,Zp(1))

p Tate filtration

F 2/F 1 ⊆ H2(XK ,Zp(1)) ∼= Zp; F 1/F 0 = H1(K,JX); F 0 = H2(K, Zp(1))
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Kummer exact sequence carith
1 : Pic(XK) = H1(XK ,Gm) → HX

Chern 2g − 2 line bundle
Pic

(2g−2)Z
X (K) carith

1

ωXK/K carith
1 ) (

Zp · carith
1 (ωXK/K)

H4(XK ×K XK ,Zp(2)) → H4(XK ,Zp(2)) ∼= Zp

diagonal dual XK ×K XK Poincaré Du-
ality Zp ↪→ H2(XK ×K XK ,Zp(1))

diagonal Zp ↪→ HX

Zp · carith
1 (ωXK/K)

line bundle mod F 0 JX(K)
JX X η p

ĉarith
1 (η) ∈ HX/F 0(HX)

mod F 0 Chern [1]

ĉarith
1 (JX(K)) = Ker(H1(K,JX) → H1(K,JX ⊗Zp

BDR))

JX Picard
JX(K) η line bundle η M ·

η ε
def= M · η line bundle ε = ĉarith

1 (L)
L line bundle trick carith

1 (L)

HPic def= Q · carith
1 (Pic

(2g−2)Z
X (K))∧ ⊆ HX ⊗Z Q

“∧” p

(∗)pic ∃η ∈ HX such that the image of η in H2(XK ,Zp(1)) generates
H2(XK ,Zp(1)), and, moreover, the image of η in HX ⊗ Q is contained
in HPic.

(∗)pic

M · η = pb(a · η) = carith
1 (L)
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p M = a · pb ( a ∈ Zp
× X line bundle

L Kummer sequence
L = M⊗pb

line bundle M M Zp
× p

(∗)pic (∗)rat
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